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Abstract
Geometric modularity has recently been conjectured to be a characteristic feature
for flux vacua with W = 0. This paper provides support for the conjecture by com-
puting motivic modular forms in a direct way for several string compactifications
for which such vacua are known to exist. The analysis of some Calabi-Yau mani-
folds which do not admit supersymmetric flux vacua shows that the reverse of the
conjecture does not hold.
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1 Introduction
Modularity is a theme that arises in quite different ways in string theory. From the early
days of its development modular invariance on the worldsheet has been one of corner stones of
the foundations of the theory. Historically far removed and much older than twodimensional
conformal field theory is the notion of geometric modularity, which can be traced to Klein
in the late 19th century, but which emerged as a more central part in mathematics only in
the 1950s and 60s. First steps in this direction were taken in the work of Eichler, Taniyama,
Shimura and Weil [1] on elliptic curves, which eventually led to the insights of Langlands
[2, 3] concerning higher dimensions. The latter work was originally aimed at a nonabelian
generalization of class field theory, i.e. a nonabelian generalization of the relation between
Artin’s Galois theoretic L-functions and Hecke’s modular L-series, but today the Langlands
program has absorbed Grothendieck’s notion of motives and subsumes in particular the grand
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conjecture that all motives are automorphic. In a first approximation, motives can simply be
thought of as subsectors of the cohomology of the variety.
The definition of automorphic forms is not canonical in the mathematics literature and different
objects are called automorphic. One clear distinction that can be drawn is between modularity
in the classical sense of Klein and Hecke, which views modular forms as objects that are as-
sociated to the group SL(2,R), while automorphic forms are associated to higher rank groups.
It is this latter class of objects that the Langlands conjectures are concerned with, and in the
present paper the distinction between modular and automorphic forms will be made along these
lines.
The notion of geometric modularity did not play a role in the first exploration of string theory
compactifications in the 1980s and 1990s, perhaps because Langlands’ conjectures are not very
precise, they are computationally not immediately accessible, and more importantly, a physical
interpretation of the purported modular and automorphic forms was lacking. A first idea for
such a physical interpretation came from the question whether geometrically induced modular
forms can be related to string theoretic modular forms on the worldsheet. This was pursued in
a march through the dimensions, starting with the simplest possible string compactifications
of complex dimension one [4]. Extensions to higher dimensions were then constructed for K3
surfaces [5], Calabi-Yau threefolds [6, 7], as well as for Fano-type mirrors of rigid CYs [8].
Modularity in families of CY varieties was explored in [9]. Related work in this direction was
done in the context of elliptic compactifications in [10, 11].
Recently it was suggested that modularity might also serve as an indicator for the existence of
supersymmetric flux vacua in the framework of Calabi-Yau varieties [12]. For flux compactifi-
cations there are cohomological constraints for the field G3 = F3 − τH3, which are conjectured
to lead to modular forms in the classical sense for flux compactifications with vanishing super-
potential W . This was supported in [12] with computations of several points in the complex
moduli space of the two-parameter octic embedded in the configuration P(1,1,2,2,2)[8]. There are
other prominent Calabi-Yau configurations that are known to admit such supersymmetric flux
vacua and it is of interest to test the conjecture beyond this octic.
A second issue is whether the modularity conjecture can be reversed in the way suggested
in ref. [12], where the authors note that one can imagine running the conjecture in reverse
to use modularity results to find new supersymmetric flux compactifications. The idea that
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modularity implies the existence of supersymmetric flux vacua would be very useful because
modularity is expected to be a common occurrence. It is however not universal, as the example
of the quintic threefold already shows, and in general the Langlands conjectures only suggest
the existence of automorphic forms. Hence modularity is selective in the sense that not every
manifold leads to classical modular forms and it is of interest to analyze manifolds that have
been shown not to admit flux vacua with W = 0.
The outline of this paper is as follows. Section 2 contains a description of the methods used to
compute the motivic L-series derived from weighted projective hypersurfaces. Section 3 extends
the analysis of [12] to several prominent Calabi-Yau threefolds that have been considered in the
literature and for which flux vacua are known to exist, adding also a remark about modular
black hole attractors. Section 4 addresses the issue of the reverse of the flux vacua modularity
conjecture, and Section 5 contains the conclusions.
2 Motivic L-series in weighted hypersurfaces
In this section we describe a method that allows to efficiently identify rank two motives M for
manifolds with high dimensional cohomology groups and to compute their L-series L(M, s).
These L-series are used to check for modularity and read off the level of their modular groups.
This method will then be applied in the remainder of the paper to several manifolds that have
been of interest in the context of flux vacua.
There exist different methods that can be used to compute motivic L-series of weighted hy-
persurfaces. Most common in the mathematical literature is the p-adic approach, but in the
following the emphasis will be on methods developed in a series of papers that were aimed at re-
lating the resulting geometrically induced modular forms to forms on the worldsheet. This was
initiated in [4] in the context of elliptic curves and extended to higher dimensions in [5, 6, 8, 7]
and to families in [9]. The advantage of this method is its directness and simplicity, allowing
the computation of motivic L-series without computing the full cohomology with subsequent
factorization. In the case of elliptic curves the motivic framework is not necessary because of
the simple structure of their cohomology, but it becomes important when considering K3 sur-
faces and higher dimensional varieties, as discussed in the above references. In order to prepare
for the structure discussed in this paper it is useful to briefly recall some of the structures that
enter the arithmetic L-series.
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The conceptual starting point is the zeta function Z(X/Fp, t) of Artin, Schmidt, and Weil,
defined as a series expansion that collects the cardinalities Nr,p(X) of the variety X defined
over finite field extensions Fpr of Fp as
Z(X/Fp, t) = exp
(∑
r≥0
Npr(X)
r
tr
)
. (1)
Dwork’s unscheduled proof [13] of the rationality of the zeta function
Z(X/Fp, t) = Qp(X, t)/Rp(X, t) (2)
in terms of polynomials Qp, Rp gives this series (1) a finite form that makes it useful because
it shows that a finite amount of computation determines the complete structure of Z(X/Fp, t).
The detailed structure of Qp, Rp was outlined by Weil [14] and proven by Grothendieck [15] as
given in terms of individual factors Pjp(X, t) that are associated to the cohomology groups of
the variety, with degrees given by the dimension of the jth group
deg Pjp(X, t) = dim H
j(X). (3)
The numerator collects the factors arising from the odd-dimensional groups, while the denom-
inator runs through the even dimensional cohomology:
Qp(X, t) =
n−1∏
j=0
P2j+1p (X, t), Rp(X, t) =
n∏
j=0
P2jp (X, t). (4)
The full cohomology group of complex deformations is often a high-dimensional object, hence
the polynomials Pjp(X, t) are not very useful and neither are their completely factorized forms.
This motivates the search for smaller building blocks, first introduced by Grothendieck as
motives. There are several ways in which motives can be described. The most familiar approach
perhaps is via cohomological realizations using the standard cohomology groups, but this is not
immediately useful in an arithmetic context. An alternative formulation via the concept of
correspondences provides a more geometric picture that makes contact with the mathematical
goal to construct an appropriate category of these objects. In the present paper, following [6],
motives are viewed as representations of the Galois group because this approach provides the
simplest and most effective approach.
The Galois theoretic framework of motives is based on the idea that associated to a manifold X
is a number field KX and that the Galois group Gal(KX/Q) of KX acts on the cohomology. In
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the following all Galois groups are of the type Gal(K/Q) and the reference to Q will be dropped
for simplicity of notation. The action of this Galois group is in general reducible, leading to
a decomposition of the full group into irreducible sectors. These sectors can be viewed as
realizations of the motives. A detailed introduction to general motives a la Grothendieck can
be found in a string physics context in ref. [6], which also contains references to the standard
mathematical literature on motives. This paper also describes the concrete realization of these
objects that allows to specialize the abstract categorical treatment of the mathematics literature
to concrete computations in the case of weighted hypersurfaces.
In the case of the manfolds of interest here the abstract definition of motives just outlined can
be made concrete. The important factor comes from the intermediate cohomology and can be
written as
Pp(X, t) =
∏
α
(1 + jp(α)t) (5)
where α are rational vectors of dimension five that essentially parametrize the cohomology for
certain primes p. More generally, the set of α for a weighted hypersurface of Brieskorn-Pham
type of complex dimension n with weights (w0, ..., wn+1) and degree d is given by
Ad,pn := {α ∈ Q
n+2
∣∣∣ 0 < αi < 1, ri = (di, p− 1), riαi ≡ 0(mod 1),∑
i
αi = 0(mod 1)}, (6)
where di = d/wi.
For a vector α the Jacobi sum is determined in terms of characters χαi(u) on finite fields Fp
which are defined as
χαi(u) = e
2piimαi , (7)
where m is determined in terms of the generator g of Fp as u = g
m. With these characters the
Jacobi sums can be written as
jp(α) =
1
p− 1
∑
u0+···+un+1=0
ui∈IFp
χα0(u0) · · ·χαn+1(un+1). (8)
As noted above, the full cohomology group of complex deformations of weighted hypersurfaces
is often a high-dimensional space and it is more efficient to think in terms of the arithmetic
building blocks of the manifolds. The simplification that arises from the motivic structure is
that given any of the vectors α and the Galois group Gal(KX) of the number field KX associated
to the manifold X one can consider motives generated by the orbits Oα of α by the action this
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Galois group on the vector α. This leads to a computationally useful representation of the
motive as
Mα = Gal(KX) · α. (9)
While for general varieties X the field KX of the variety is determined by the factorization
of the polynomials Pp that enter the Dwork-Grothendieck factorization of the zeta function,
for weighted hypersurfaces this field is immediately determined as the cyclotomic field Q(µd),
where µd is the cyclic group determined by the degree d of the manifold. The rank of the
resulting motives is generically given by the order of the associated Galois group Gal(Q(µd)),
which is isomorphic to (Z/dZ)×, and whose order is given by Euler’s totient function φ(d),
which can be computed via the product formula φ(d) = d
∏
p|d(p− 1)/p, where the product is
over all prime divisors of the degree d. Hence the generic rank of the motive is determined by
the degree of the hypersurface.
The L-series of this motive Mα can then be obtained via the motivic polynomials
Pp(Mα, t) =
∏
β∈Mα
(1 + jp(β)t) (10)
as
L(Mα, s) =
∏
p
an
ns
=
∏
p
1
Pp(Mα, p−s)
. (11)
With the motive Mα defined as the Galois orbit (9) the combination of Jacobi sums that
determines the coefficients in the L-series are rational integers even though the Jacobi sums
themselves are complex. A proof, based on the fact that the action of an element g ∈ Gal(Q(µd))
on α induces an action on the Jacobi sum jp(α), can be found in [5].
A second type of L-series are those obtained from modular forms f(q) defined relative to Hecke
congruence subgroups Γ0(N) of the modular group SL(2,Z) via a tensor type transformation
behavior (see e.g. [6] for a physical discussion). Associated to modular forms are L-series via
the Mellin transform, which via the expansion f(q) =
∑
n anq
n leads to the same type of series
L(f, s) =
∑
n ann
−s. The question becomes whethe these L-series match for some weight and
level N .
The main interest in the earlier work cited above was to apply this construction to the holo-
morphic threeform Ω, which leads to the concept of the Ω-motive [5] (see also [6]), and to relate
the resulting modular and automorphic forms to the modular structure on the worldsheet.
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In the present paper the focus is on the existence of rank two motives and their modularity.
The focus will be on Calabi-Yau varieties that have been of interest in the context of flux
compactifications.
An application of the arithmetic of CYs that is aimed at the connection with the string world-
sheet conformal field theory, but is independent of the modular structure, can be found in ref.
[16].
3 Flux vacua with modular forms
Flux vacua with contributions from both the RR field F(3) and the NSNS field H(3) in type IIB
theory lead to a superpotential W that is usually written in terms of the complex axion-dilaton
τ = C0 + ie
−ϕ and the field G(3) = F(3) − τH(3) as
W =
∫
X
G(3) ∧ Ω, (12)
where Ω is the holomorphic threeform. The specific form of τ adopted here is motivated by the
fact that it lives in the upper halfplane, Im(τ) > 0.
The vacuum constraints for the complex deformations za, defined as the Ω-periods via a ho-
mology basis {Aa, B
b} and its dual, as well as the axion-dilaton τ are given by
DτW = 0 = DaW, (13)
where DτW ≡ ∂τW +W∂τK and DaW = ∂aW +W∂aK, where K = Kτ +Kcs is the Ka¨hler
potential of τ and the complex deformations respectively
Kτ = − ln(−i(τ − τ )), Kcs = − ln
(
i
∫
X
Ω ∧ Ω
)
. (14)
These constraints are sometimes called F-flatness. If in addition to the criticality constraints
(13) the superpotential vanishes as well, W = 0, the resulting vacua are called supersymmetric.
While the criticality constraints determine G3 to be of type H
2,1⊕H0,3, the vanishing of the po-
tential imposes the further constraint G3 ∈ H
2,1 [17]. In depth reviews of flux compactifications
can be found in [18, 19, 20].
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3.1 Flux vacua for one-parameter weighted hypersurfaces
The class of smooth Calabi-Yau hypersurfaces in weighted projective space consists of four
spaces, all of which were considered first in the context of flux vacua in [21]. It was shown there
that of these four only the degree six hypersurface X63 ∈ P(1,1,1,1,2)[6] leads to flux vacua with
W = 0, while the remaining three, given by the quintic X53 ∈ P4[5], the octic X
8A
4 ∈ P(1,1,1,1,4)[8]
and the degree ten hypersurface X103 ∈ P(1,1,1,2,5)[10], do not. Thus, while all these manifolds
share the property that they have the simplest possible Ka¨hler sector with h1,1 = 1, they
behave quite differently. The reason for this is to be found in the fact that the number fields
KX associated to these manifolds have different degrees in that the smooth degree six surface
leads to quadratic extension of the rationals Q, while the remaining spaces have fields of higher
degree.
Thus, if modular motives of rank two exist for any of these three manifolds (at the relevant
ψ) then it is established that modularity is not sufficient for the existence of supersymmetric
flux vacua. It is therefore of interest to check whether among these manifolds there exist
spaces that are modular in the sense discussed here. In the case of the quintic threefold X53 it
follows from the fact that the Galois group Gal(KX5
3
) = (Z/5Z)× = {1, 2, 3, 4} has order four,
in combination with the structure of H2,1 cohomology, that there are no rank two motives,
consistent with the modularity conjecture. Similarly, for the degree ten hypersurface the Galois
group also has order four, Gal(KX10
3
) = (Z/10Z)× = {1, 3, 7, 9}, and it follows again from
the cohomological structure that all motives are of rank four. Thus in both of these cases the
manifold is at best automorphic of higher rank. A similar analysis shows that the same holds for
the configurations X143 ∈ P(1,2,2,2,7)[14] and X
15
3 ∈ P(1,3,3,3,5)[15], which have (h
1,1, h2,1) = (2, 122)
and (h1,1, h2,1) = (3, 75), respectively.
These considerations already provide additional support of the modularity conjecture and the
discussion leaves among the one-parameter manifolds the degree six manifold, which does admit
supersymmetric flux vacua, and the smooth octic, which does not. The first of these two will
be computed presently, while the octic X8A3 will be considered in the next section.
3.2 The smooth degree six hypersurface X63 ∈ P(1,1,1,1,2)[6]
An example that appeared early in the discussions of flux vacua based on the class of weighted
hypersurfaces constructed in [22, 23, 24] is the degree six Brieskorn-Pham manifold in the
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configuration P(1,1,1,1,2)[6], defined by
X63 =
{
3∑
i=0
z6i + z
3
4 = 0
}
⊂ P(1,1,1,1,2). (15)
This is a smooth hypersurface, hence it has only one Ka¨hler form inherited from the ambient
space, h1,1 = 1, and the cohomology H2,1(X) is of monomial type, h2,1 = 103. It was shown in
ref. [21] that supersymmetric flux vacua exist for this manifold at the Landau-Ginzburg point,
i.e. the constraints DaW = 0 = DτW can be solved as well as W = 0. Further discussions of
flux vacua derived from this manifold can be found in a number of papers, including [25, 26].
In the context of a string theoretic interpretation of geometric modularity this variety was
discussed briefly in [6], where the modular structure was established at the Landau-Ginzburg
point described by the Brieskorn-Pham geometry. In ref. [6] the focus was on the Ω-motive,
spanned by H3,0 ⊕ H0,3 of this manifold, while in the context of flux vacua the cohomology
sector H2,1(X)⊕H1,2(X) is of interest. By making the set Ad,pn defined in the previous section
explicit for this hypersurface it becomes clear that modulo permutations there are twelve basic
α-vectors that lead to six different motivic L-series. These six L-functions arrange themselves
into three pairs LA±, A = I, II, III, of series that differ only in the signs of some of their
coefficients, indicating that they are character twists of each other. These motivic L-series
can be identified with modular form L-series as follows. Parametrizing an independent set of
motives by the α-vectors
αA+ ∈
{(
1
3
,
1
3
,
1
2
,
1
2
,
1
3
)
,
(
1
6
,
1
3
,
1
3
,
1
2
,
2
3
)
,
(
1
6
,
1
6
,
1
2
,
1
2
,
2
3
)}
(16)
and
αA− ∈
{(
1
3
,
1
3
,
1
3
,
1
3
,
2
3
)
,
(
1
6
,
1
2
,
1
2
,
1
2
,
1
3
)
,
(
1
6
,
1
6
,
1
3
,
2
3
,
2
3
)}
(17)
leads to the set of associated L-series L(MA±, s). The coefficients of these L-series are not
directly fundamental though because each coefficient at a prime p contains p as a factor. It is
therefore natural to shift the argument s of the L-function in order to eliminate these p-factors.
This shift corresponds to a twist in Hodge degree of the cohomology and has been important
already in [6], as well as in the context of mirrors of rigid Calabi-Yau varieties considered in
[8]. In the latter context this twist can involve higher powers of the primes p. A selection of
the L-function coefficients ap that are obtained by dividing out these prime factors is shown in
the table 1.
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Prime p 7 13 19 31 37 43 61
ap(MI±) ±1 +5 ±7 ±4 +11 ∓8 −1
ap(MII±) ±4 +2 ∓8 ±4 −10 ∓8 +14
ap(MIII±) ±5 −7 ∓1 ∓4 −1 ±8 −13
Table 1. Coefficients of the motivic L-series L(MA±, s+ 1) of X
6
3 .
A perusal of various databases, starting with the list of Cremona of weight two forms [27], as
well as the more extensive list of forms by Meyer [28], allows an identification of these L-series
as arising from modular forms fA±(q) =
∑
n anq
n, q = e2piiτ , in the sense that their L-series
agree with the L-series of the motives
L(MA±, s+ 1) = L(fA±, s), (18)
where the shift in s implements the twist just discussed. Here the fA+ are modular forms at
level 432, 144, 108, and the fA− are modular forms of weight two at levels N = 27, 36, 432,
respectively. All these forms are relative to the Hecke congruence group Γ0(N). The identifi-
cation via the level N is sufficient for N = 27, 36 and N = 108, but is not unique when the
space of rational forms at a given level has more than one dimension. This was taken into ac-
count by Cremona [27] by introducing further alphabetical counting labels, a strategy that was
adopted in a slightly different way by the L-function and modular form data base (LMFDB)
[29]). This is of relevance in the present discussion at the levels N = 144, 432. In the former
case the modular form has the Cremona label 144A(A) and the LMFDB designation 144.2.a.a.
In the latter case the two forms fI+ and fIII− both belong to the same space, but the table of
coefficients shows that their L-series are not the same. In Cremona’s list the designations are
432A and 432B, respectively, while in the LMFDB the corresponding labels are 432.2.a.e and
432.2.a.d.. The modular forms at level 27 and 144 have been considered previously in a string
theoretic context in refs [4] and [30], where they were shown to admit a worldsheet interpre-
tation for elliptic compactifications. It was explained in [30] that these forms admit complex
multiplication, a symmetry that imposes a certain sparseness of the nonvanishing coefficients
ap. All the forms determined in the above discussion have complex multiplication.
The modular forms identified above can be shown to arise from the genus ten and genus four
curves that are embedded in the hypersurface X
(6)
3 and whose L-function decomposes into L-
functions of elliptic curves EA that lead to the modular forms fA. Including the L-function of
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the Ω-motive thus leads to a completely modular structure of the third cohomology group of
the form
L(H3(X
(6)
3 ), s) = L(fΩ, s)
∏
A±
L(fA±, s− 1)
aA± . (19)
Here aA± ∈ N describe the multiplicity of the motives and the modular form fΩ of the Ω-motive
is a cusp form of weight four and level N = 108 relative to the Hecke congruence subgroup
Γ0(N), i.e. fΩ ∈ S4(Γ0(108)).
This shows that the cohomology of the degree six threefold hypersurfaces leads to a total of seven
different modular forms fΩ, fA±. Combining the flux vacua analysis of [31] with the modularity
analysis above thus provides further support for the flux vacua modularity conjecture of ref.
[12].
3.3 A modular rank two attractor on X63
A third arithmetic theme in string theory is provided by black hole attractors, initially empha-
sized in the number theoretic context by Moore [32], and further developed in the context of
complex multiplication in ref. [33]. Recently, an extensive search for rank two attractors was
reported in ref. [34]. It is in this context worth noting that the modularity of the Ω-motive MΩ
of the degree six hypersurface X63 , established in [6] and recalled briefly in the previous section,
in terms of a weight four cusp form at level N = 108, i.e. f(MΩ(X
6
3 ), q) ∈ S4(Γ0(108), shows
that the rank two attractor derived from the smooth degree six hypersurface is modular in the
classical sense.
The form f(MΩ(X
6
3 ), q) of X
6
3 has complex multiplications, which provides a second way to
recognize complex multiplication as a characteristic of at least some black hole attractors. This
is independent of the approach in [33] via the Shioda-Katsura decomposition of the cohomology
of curves embedded in weighted hypersurfaces. The Deligne conjecture, discussed in the context
of black hole attractors in [33], has been proven for motives with complex multiplication [35],
hence leads to a relation between the periods of the variety and the L-functions values of MΩ.
Since the black hole potential can be written in terms of the periods it immediately follows
from the work of [33] and [6] that the entropy can be expressed in terms of these L-function
values. This was recently made explicit in a different example in [34] and is further discussed
in [36].
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3.4 Flux vacua for two-parameter hypersurfaces
3.4.1 The octic X8B3 ∈ P(1,1,2,2,2)[8]
The resolved Brieskorn-Pham octic hypersurface
X8B3 =
{
z80 + z
8
1 + z
4
2 + z
4
3 + z
4
4 = 0
}
⊂ P(1,1,2,2,2) (20)
has Hodge numbers h1,1 = 2 and h2,1 = 86, where both sectors receive contributions of the
resolution of the singular set. This variety is a K3 fibration with a typical fiber in the configu-
ration of quartic surfaces X42 ∈ P3[4], which has been considered in the context of flux vacua in
a number of papers, including [25, 37, 12]. In the latter reference this is the main configuration
considered.
Aspects of a string theoretic interpretation of geometrically induced modular forms of weight
two for this variety were discussed for this variety in [38], where it was shown that this manifold
leads to a weight two modular form at level N = 64. This modular form arises from the algebraic
curve C4 of degree four that defines the singular set embedded in this manifold. While this
curve has genus three, its L-function factors, in the process leading to an elliptic curve of degree
four, which is modular at the given level. This form was also considered in the paper by Kachru,
Nally and Yang [12] as support for the modularity conjecture.
In the motivic framework considered in this paper the starting point is the Galois group KX ,
which in the present example has order four
Gal(KX8B
3
) ∼= {1, 3, 5, 7}. (21)
Hence the generic orbit has length four, which is in particular the case for the Ω-motive MΩ.
These rank four motives are not modular but are expected to be automorphic according to
the Langlands conjecture. Having a Galois group whose order is larger than two in general
does not prevent the existence of orbits of shorter length, leading to the possibility of rank two
motives that can be modular. For the present case of the two-parameter octic modular motives
of rank two can be found, for example, at levels N = 32, 64 for the motives parametrized by
α = (1
4
, 1
4
, 1
4
, 1
2
, 3
4
) and (1
4
, 1
4
, 1
4
, 1
4
, 1
2
), respectively, after implementing the Tate twist.
The focus here has been on the Landau-Ginzburg point, geometrically given by the Brieskorn-
Pham point in the configuration. However, the observation just made, that higher order Galois
groups can lead to rank two motives, generalizes to the case of deformations of the variety away
12
from the diagonal form. This can be seen in the motivic framework by considering the theory
of deformed motives in ref. [9].
3.4.2 The degree 12 hypersurface X123 ∈ P(1,1,2,2,6)[12]
A second two-parameter threefold that has been discussed extensively in the flux compactifica-
tion context is the resolved hypersurface
X123 =
{
z120 + z
12
1 + z
6
2 + z
6
3 + z
2
4 = 0
}
⊂ P(1,1,2,2,6), (22)
with h1,1 = 2 and h2,1 = 128. This is a K3 fibration with a typical smooth fiber in the con-
figuration X62 ∈ P(1,1,1,3)[6] that has been analyzed in several papers on flux compactifications,
including [31, 39, 40, 25, 41], and more recently in ref. [42].
The order of the Galois group here is φ(12) = 4, hence generically the motives will again be
of rank four, much like in the case of the octic hypersurface considered above. Similar to the
octic case there exist rank two motives for this variety as well. It turns out that most of
these rank two motives have already been encountered above in the discussion of the degree six
threefold X63 even though the orders of the underlying Galois groups are different. As a result,
their modularity follows immediately from the analysis of section 3.2. The remaining rank two
motives of this manifold can either be recovered from the two-parameter model X8B3 considered
above, or can be computed separately, leading to modular forms already encountered in our
previous computations.
4 On the reverse of the modularity conjecture
A natural question in the context of the flux vacua modularity conjecture is whether its reverse
also holds, an issue that was addressed in [12]. A positive answer to this question would be very
interesting because it would imply that the existence of modular motives provides a diagnostic
for the existence of flux vacua DαW = 0 = DτW for which W = 0. This can be discussed by
testing the existence of modular rank two motives in compactifications for which such W = 0
do not exist.
As noted above already, it has been known for quite some time that that among the one-
parameter models there are examples for which there exist no supersymmetric flux vacua, i.e.
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there are points in the moduli space for which the solutions of the flux dynamics as well as
W = 0 cannot be solved [21]. An example of this type that was analyzed in [31, 43, 21, 25]
is the smooth octic hypersurface X8A3 ⊂ P(1,1,1,1,4)[8] at the Brieskorn-Pham point, or Landau-
Ginzburg point. As noted above already, it was furthermore shown in [21, 25] that among the
smooth weighted CY hypersurfaces there is only one manifold that admits such supersymmetric
flux vacua, namely the degree six hypersurface X63 ∈ P(1,1,1,1,2)[6], analyzed in the previous
section while the remaining three do not. It was shown in the previous section that both the
quintic and the degree ten hypersurface are not modular in the classical sense defined here,
which leaves the smooth octic.
4.1 The one-parameter octic X8A3 ∈ P(1,1,1,1,4)[8]
The next space in the sequence of manifolds with h1,1 = 1 is the smooth octic
X8A3 =
{
p(zi) =
3∑
i=0
z8i + z
2
4 = 0
}
⊂ P(1,1,1,1,4) (23)
of Brieskorn-Pham type, with Hodge numbers h1,1 = 1 and h2,1 = 149. The orientifold projec-
tion is derived in [31] via Sen’s method [44] from the CY fourfold X244 ∈ P(1,1,1,1,8,12)[24], whose
Euler number χ = 23, 328 and cohomology has been computed in ref. [45]. The associated data
can be found in [46], where it is the third model in the list of elliptic fibrations. In the context
of flux vacua this manifold is also considered in [43, 21, 25], and more recently in [47, 48].
The Galois group of the field KX of this degree eight hypersuface is of order four
Gal(KX) = (Z/8Z)
× = {1, 3, 5, 7}, (24)
hence the Ω-motive of this variety is of rank four and is expected to be automorphic according
to the Langlands conjectures. While the generic orbit in the intermediate cohomology thus
has length four, in the context of flux vacua the interest is again in the existence of lower
rank motives. In principle one can enumerate the motives as orbits, but the main issue in the
present discussion is whether there exist rank two modular motives in this variety. Examples
of two-dimensional Galois orbits are generated by the vectors
α+ =
(
1
4
,
1
4
,
1
2
,
1
2
,
1
2
)
, α− =
(
1
4
,
1
4
,
1
4
,
3
4
,
1
2
)
(25)
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hence they parametrize rank two motives, denoted here by M±. The computation of the
motivic L-function associated to M± along the lines of section 2 leads to rescaled coefficients
ap as collected in table 2.
Prime p 5 13 17 29 37 41
ap(M±) ±2 ∓6 +2 ±10 ±2 +10
Table 2. L-series coefficients for the motives M± of X
8A
3 .
The existing data bases again allow to identify these L-series as arising from weight two modular
forms f±(q)
L(f±, s) = 1 ±
2
5s
−
3
9s
∓
6
13s
+
2
17s
−
1
25s
±
10
29s
±
2
37s
+
10
41s
+ · · · (26)
which shows that the motives M± are modular after the Tate twist
L(M±, s+ 1) = L(f±, s). (27)
Here the weight two modular forms f± are at levels N = 64 and N = 32, respectively. At
these levels the spaces of rational forms are one-dimensional, hence N determines these forms
uniquely. These modular forms have appeared previously in the string theory analysis of [38]
and [30].
The analysis here thus leads to the conclusion that the one-parameter octic Brieskorn-Pham
hypersurface embedded in P(1,1,1,1,4) is modular in the sense of carrying rank two motives that
are modular in the classical sense, while not admitting supersymmetric flux vacua.
4.2 The two-parameter hypersurface X183 ∈ P(1,1,1,6,9[18]
The above analysis for X8A3 can be applied to other weighted hypersurfaces that have been
considered in the context of the existence/nonexistence of W = 0 flux vacua. One example
that was considered early on in many papers on flux vacua, and which has received recent
attention, is the degree 18 hypersurface
X183 =
{
z180 + z
18
1 + z
18
2 + z
6
3 + z
2
4 = 0
}
⊂ P(1,1,1,6,9), (28)
see e.g. [49, 50, 51, 25, 52, 53, 41, 54, 55, 56, 57]. This is an elliptic fibration with h1,1 = 2,
h2,1 = 272, hence χ = −540, with a typical fiber in the configuration E6 ∈ P(1,2,3)[6]. An
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analysis of DeWolfe [25] based on R symmetries first showed that there are no W = 0 flux
vacua associated to this manifolds. It is therefore again of interest to consider the motivic
structure of this manifold. In this case the Galois group has order six
Gal(KX18
3
) = {1, 5, 7, 11, 13, 17} (29)
and hence the rank of the motives will generically be six. This holds in particular for the
Ω-motive, which therefore is expected to be automorphic, not modular. However, despite this
larger Galois group this manifold does have rank two motives.
As before, we consider the image of α-vectors under the Galois group. An example of a rank
two motive is given by
M =
(
1
3
,
1
3
,
1
2
,
1
3
,
1
2
)
⊕
(
2
3
,
2
3
,
1
2
,
2
3
,
1
2
)
. (30)
The comparison of this motive with the rank two motiveMI+(X
6
3 ) of the degree six hypersurface
X63 ∈ P(1,1,1,1,2)[6] considered above shows that M is identical to MI+ even though the Galois
groups have different orders. It follows that the L-series has the same expansion as in the
case of the motive MI+ of the degree six hypersurface, hence leads again to the level N = 432
modular form designated by the LMFDB as 432.2.a.e. There are further rank two motives that
arise in the manifold and these can be analyzed in a similar way.
4.3 The three-parameter hypersurface X243 ∈ P(1,1,2,8,12)[24]
As a final example discussed here consider the variety
X243 =
{
z240 + z
24
1 + z
12
2 + z
3
3 + z
2
4 = 0
}
. (31)
The configuration is iteratively structured in that it is not only an elliptic fibration with typical
fiber in the configuration E6 ∈ P(1,2,3)[6], but also a K3-fibration with typical fiber in the
configuration X122 ∈ P(1,1,4,6)[12]. Its flux vacuum structure was considered in DeWolfe [25] as
a three-parameter model with Hodge numbers h1,1 = 3 and h2,1 = 243, leading to a Ka¨hler
structure that is more involved than the often considered two-parameter examples. Other work
on this manifold in the context of flux compactifications includes [58, 59].
The manifold X243 has the highest degree d = 24 of the manifolds considered in this paper,
leading to the largest Galois group of all examples. Since the totient function here is φ(24) = 8,
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a typical Galois orbit leads to a motive of rank eight. It turns out that despite the large order
of this group, the modular structure of this manifold is in part similar to that of the degree
six smooth hypersurface X63 because their motivic structure partially overlaps. The modular
analysis of section three thus immediately leads to the existence of modular rank two motives
for the manifold X243 .
5 Discussion
In this paper the modular and automorphic structure of most of the Calabi-Yau manifolds
considered in the context of flux compactifications has been established. The methods used
here are direct and allow the computation of the necessary L-functions from the motive itself,
rather than from the factorization of the full cohomology. These results have implications for
the modularity conjecture for supersymmetric flux vacua formulated in [12]. Support for the
conjecture has been provided above by establishing the existence or non-existence of modular
rank two motives for all one-parameter smooth Calabi-Yau hypersurfaces of dimension three.
While the smooth degree six and eight weighted hypersurfaces admit such modular motives,
the quintic and degree ten hypersurfaces do not.
A second issue is raised by the question whether rank two modularity of motives in the cohomol-
ogy sector H2,1(X)⊕H1,2(X) can be used as an indicator for the existence of supersymmetric
flux vacua. Since modularity is expected to be common this would lead to the expectation that
the existence of supersymmetric flux vacua is in some sense also generic. This was first addressed
here by considering the one-parameter hypersurface of degree eight in the weighted projective
space P(1,1,1,1,4)[8]. For this variety modular rank two motives can be constructed, thereby es-
tablishing that modularity is not a definitive diagnostic for the existence of flux vacua with
vanishing superpotential. Other manifolds that have been considered in the flux vacua litera-
ture have a similar structure. Among these are the degree 18 configuration X183 ∈ P(1,1,1,6,9)[18]
and the degree 24 configuration X243 ∈ P(1,1,2,8,12)[24], both of which were considered in the
flux context in [25], where it was shown that these two spaces do not admit flux vacua with
vanishing superpotential. The first of these is a prominent two-parameter model, while the
latter has a three-dimensional Ka¨hler sector. Both of these spaces have rank two motives that
are modular, similar to the one-parameter octic.
The results of this paper thus strengthen the modularity conjecture of ref. [12] but indicate
17
that modularity is not a necessary ingredient for the existence of supersymmetric flux vacua.
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